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Abstract. Let (M, w) be a compact symplectic 4-manifold with a compatible almost 
complex structure J. The problem of finding a J-compatible symplectic form with pre- 
scribed volume form is an almost-Kahler analogue of Yau's theorem and is connected to 
a programme in symplectic topology proposed by Donaldson. We call the corresponding 
W ' equation for the symplectic form the Calabi-Yau equation. Solutions are unique in their 

cohomology class. It is shown in this paper that a solution to this equation exists if the 
i > ■ 

Nijenhuis tensor is small in a certain sense. Without this assumption, it is shown that 

the problem of existence can be reduced to obtaining a C° bound on a scalar potential 

function. 

> 

OO . 1. Introduction 

o 

_!. ■ In 1954 Calabi [Ca] conjectured that any representative of the first Chern class of a 

compact Kahler manifold (M, uS) can be written as the Ricci curvature of a Kahler metric 

uj' cohomologous to u>. He showed that any such metrics are unique. Yau [Ya] famously 

solved Calabi's conjecture around twenty years later. This result, and the immediate 

corollary that any Kahler manifold with c\ (M) = admits a Ricci- flat metric, have had 

many applications in both mathematics and theoretical physics. 

Yau's theorem is equivalent to finding a Kahler metric in a given Kahler class with 

£> . prescribed volume form. By the <9<9-Lemma this amounts to solving the complex Monge- 

Ampere equation 

(uj + V^ldd(/)) n = e F uj n , (1.1) 

c3 ' _ 

for smooth real (j) with oj + ^—Iddrf) > 0, where n = dimcM and F is any smooth 

function with f M e oj n = f M tu n . Yau solved this equation by considering the family of 

equations obtained by replacing F by tF + ct for some constant q, for t G [0, 1] and using 

the continuity method. This requires an openness argument using the implicit function 

theorem, and, more importantly, a closedness argument which requires his celebrated 

a priori estimates. Yau also generalized Calabi's conjecture: first in the case when the 

right hand side of (II. ID may have poles or zeros [Ya] : and second, with Tian, in the 






X 



The author is supported in part by National Science Foundation grant DMS-05-04285. This work 
was carried out while the author was visiting Imperial College, London on a Royal Society Research 
Assistantship. 



context of complete non-compact Kahler Ricci-flat metrics |TiYal4 ITiYa2] . For other 
results along these lines, see |Koj . |BaKol| . |BaKo2j . [Jo] , for example. 

The aim of this paper is to attempt to generalize Yau's theorem in a very different 
direction. We consider the case when the almost complex structure is not integrable. 
This problem was suggested to the author by Donaldson and is motivated by a wider 
programme of his on the symplectic topology of 4-manifolds [Do] . Let (M, uj) be a 
symplectic four-manifold. Then there exists an almost complex structure J which is 
compatible with uj. This defines a metric g by 

g(;-)=u(;J-)>0. 

If J is integrable then it is Kahler. In general, the data (M, u, J) is called an almost- 
Kdhler manifold and we will call uj an almost-Kdhler form. The volume form version of 
Yau's theorem still makes sense. Given an almost-Kahler 4-manifold (M,uj,J) we ask 
whether there exists an almost-Kahler form uj' solving the equation 

J 2 = e F uj 2 , (1.2) 

for any function F satisfying 

,-F, .2 / , .2 



e'uT = / uf, (1.3) 

M J M 

and we also ask whether uj' can be taken to be cohomologous to u. We call (ll.2p the 
Calabi- Yau equation. Any solution to (|1.2|) is unique in its cohomology class - this fact 
was pointed out to the author by Donaldson. A proof is given in section 2. 

Following Yau, we use the continuity method to try to obtain the existence of a 
solution. First, we consider the question of a priori estimates for solutions to (11.2J) . For 
simplicity, assume that u/ is cohomologous to uj. We show that all the estimates can be 
reduced to a uniform bound of a scalar potential function <f>\ defined, up to a constant, 
by 

wAw' , 1.,, ,„ ,, 

— ^- = 1 - -A'0i, 1-4 

w u 4 

where A' is the Laplacian associated to uj' . The function 4>i belongs to a a 1-parameter 
family of 'almost-Kahler potentials' {4>s}s£[o,i]j defined in section 2, which all coincide 
in the Kahler case with the usual Kahler potential. 

Theorem 1 Let (M,ui,J) be a compact almost-Kahler J^-manifold. Suppose that uj' is 
another almost-Kdhler form, cohomologous to uj, and satisfying \1.2\i . Then there exist 
positive constants Ki depending only on (M,uj, J), F and oscm<Ai such that uj' > Kq uj 
and 

\\uj'\\ C i(g) < Ki fori = 0,1,2,..., 

where oscm4>i = su Pm 01 — mi M </>i- 

An analogous result holds even if uj' and u are not necessarily cohomologous (see 
section 7). We turn now to the question of openness in the continuity method. Denote 



by H.^ the space of self-dual harmonic 2-forms with respect to lo and by H+ the corre- 
sponding subspace in H 2 (M; R). H£ is a maximal positive subspace for the intersection 
form on H 2 (M; M) and its dimension is b + (M). Notice that lo is harmonic and self-dual 
and so b + {M) > 1. If b + (M) = 1 then we can show the openness part of the continuity 
method, remaining in the same cohomology class. In the case where b + (M) > 1 the 
openness argument still works if we allow the class to vary within H£ . 

Under the assumption that the Nijenhuis tensor N(J) is small in the L 1 norm, the 
required uniform bound on 4>i can be obtained. So in this case, we can solve equation 
(O). 



Theorem 2 Let (M,lo,J) be a compact almost Kdhler ^-manifold. 

(i) Suppose b + (M) = 1. Then for F £ C°°(M) satisfying ltl.3\) there exists an almost- 
Kahler form lo' cohomologous to lo solving il.2\) if 

\\N(J)\\ L x (g) <e, (1.5) 

for e > depending only on g and \\F\\ C 2( g \. 

(ii) Ifb + (M) > 1 then the same holds except that the solution lo' may lie in a different 
cohomology class in iJ+. 

With a little work, an explicit e could be written down. However, it is hoped that the 
condition (|1.5p could be removed entirely (cf. [DoJ). In addition, it would be interesting 
to improve on Theorem 2 even further in light of a possible application in symplectic 
topology described to the author by Donaldson. Given an almost complex structure J\ 
on a symplectic 4-manifold, a natural question is: does there exist a symplectic form 
compatible with J\l In general the answer is negative, as can be seen from the well- 
known Kodaira-Thurston example [Th] . [FeGoGrj. However, it is sensible to ask this 
question under the (obviously necessary) assumption that there exists some symplectic 
form taming J\. In this case, there exists an almost complex structure Jo compatible 
with and, by a well-known result of Gromov [Gr| . a smooth path of almost complex 
structures {Jt}te[o,i] au taming $7. Set uo$ = Q and consider the equation 

Lo 2 t = n 2 , 

for Lot compatible with Jt- Finding a solution for t = 1 would solve the problem. To 
prove this using a continuity method one would require estimates for ut depending only 
on $7 and Jt- 

These methods appear to make sense only in four dimensions, since the system of 
equations is overdetermined in higher dimensions. Nevertheless, it should be noted that 
many of the estimates here carry over easily to any dimension. 

The outline of the paper is as follows: in section 2, some preliminaries are given, 
almost-Kahler potentials are defined and uniqueness for the Calabi-Yau equation is 
proved; in section 3 an estimate on the metric g' in terms of the potential is given; a 
Holder estimate on the metric is proved in section 4; the higher order estimates and 



the proof of Theorem 1 are given in section 5; finally, in sections 6 and 7, Theorem 2 is 
proved in the cases b + (M) = 1 and b + (M) > 1 respectively. 

Remark 1.1 Delanoe |Dej considered, following a suggestion of Gromov, a different 
problem concerning the equation (jl,2p . He looked for solutions of ui' n = e u", on an 
almost-Kahler manifold (M, u) of dimension 2n, of the form u/ = lo + d(Jd(p) for a 
smooth real function <j> so that u/ tames J but is not necessarily compatible with J 
(here, J acts on 1-forms in the usual way). He showed that when n = 2, if there exists 
such a solution for every F, then J is in fact integrable. We do not expect the solutions 
we obtain in Theorem 2 to be, in general, of the form u' = uo + d(Jdcj)) for any 0. 



2. Almost-Kahler geometry and the Calabi-Yau equation 

Notation and preliminaries 



We will often work in local coordinates, making use of the Einstein summation 

d 



convention. The almost complex structure J = J- 3 dx l (g> «^y satisfies, by definition, the 



condition 



Ji'J^-sl- 



We will lower indices in the usual way using the metric g so that 

ij = i 9k j = &ij. 

The condition du = can be written as 

diJjk + djJki + d k Jij = 0. (2.1) 

It follows that the equation 

V, J/ = (2.2) 

holds on an almost-Kahler manifold, where V is the Levi-Civita connection associated 
to the metric g. This implies that uj is harmonic with respect to the metric g. 
Define two tensors V and Q by 

Then the compatibility of g and u> with J implies that V^gij = and V^Jij = 0. 
Considering V and Q as operators on two-tensors, we have 

V + Q = Id. 

Moreover, at each point, V and Q are self-adjoint with respect to g and define projec- 
tions onto the spaces ker Q and ker V respectively. 



The obstruction to the almost complex structure J being integrable is the Nijenhuis 
tensor N : TM x TM -> TM, which is given by 

N(X, Y) = [X, Y] + J[JX, Y] + J[X, JY] - [JX, JY}. 

In local coordinates, this can be written as 

N jk = J k 9iJ/ + J i l djJ k - Jj d h J k - J l l d k Jj . 

On an almost-Kahler manifold, the Nijenhuis tensor can be written in the simpler form 

N) k = 2(V7/)4. 

By the Newlander-Nirenberg theorem, the almost complex structure J is integrable if 
and only if N vanishes identically and if and only if V J vanishes identically. 

For later use, we also make the following simple observation. Let Rm denote the 
Riemmanian curvature tensor of an almost-Kahler metric g. Then 

sup|VJ| < C||Rm||c>o( g ), 

M 

for C a constant depending only on dimension. Indeed, using the usual commutation 
formulae for covariant derivatives along with (|2.1|) and (|2.2p . 

= A\J\ 2 = 2|VJ| 2 + Rm * J * J, 

where * denotes some bilinear operation involving tensor products and the metric g. 
Similarly, by calculating A|VJ| 2 we see that 

|VV J\ 2 = VVRm * J * J + Rm * VV J * J + VRm * J * VJ + Rm * V J * V J, 

and it follows that sup^- |VVJ| 2 can be bounded by a constant depending only on 
dimension and ||Rm|| C 2(„). 

Almost-Kahler potentials 

Now restrict to four dimensions. Let u) and u/ be two almost-Kahler forms with 
[to] = [a/]. For s 6 [0, 1], let £l s = (1 — s)tu + suj' and define the almost-Kahler potentials 
4>s by 

(1 - 2s)uj Aw'l suj' 2 - (1 - s)oj 2 = n s A d(Jd(f) s ). 

Since —Q A d(Jd<p) = ^Aqc^O 2 for any almost-Kahler form Q and function 0, the exis- 
tence of the <p s follows from elementary Hodge theory. The <j) s are uniquely determined 
up to the addition of a constant. In the Kahler case, they all coincide with the usual 



Kahler potential (p given by u>' = u> + \/—ldd(j). We are interested in three particular 
almost-Kahler potentials, corresponding to s = 0, i, 1. They satisfy: 



iA* = — - 1 (2.3) 

W = 1 " ^ (2.4) 

i( V j) = 4^. (2.5) 

2 

where A' and Ai are the Laplacians associated to u/ and fii. 

2 2 

In addition, for each s, define a one form a s by the equations 

u/ = w d(Jd(ft s ) + da s , 

and ci*a s = 0, where d* is the formal adjoint of d associated to the metric O s . Note that 
a s is defined only up to the addition of a harmonic 1-form. A short calculation shows 
that a s satisfies the elliptic system 



da s A Q s = 

Vda s = \idiJf - 3jJ i k )(d k (j) s ) dx i A da? 
dta. = 0. 



(2.6) 



It will be convenient to give a different formulation of (J2.6H . Let * s be the Hodge-star 
operator associated to J7 S . Then the projection |(1 + * s ) '■ A 2 —>■ Af onto the self-dual 
two forms can be written 



Hence, the system (|2.6|) can be rewritten as 

(2.7) 



i (l + * s )( x )=\-^)n s + V X , forxeA 



d+a s = |(a. Jj k - d i J i k ){d k 4> s ) dx { A da? 
d* s a s = 0, 

for df = |(1 + * s )d : A 1 — ► A+. Observe that, since dfb = implies db = for any 
1-form 6 (see for example [DoKrj . Prop. 1.1.19), the kernel of the operator (df,d*) 
consists of the harmonic 1-forms. 

The Calabi-Yau equation 

For a manifold of dimension n = 2m, linearizing the Calabi-Yau equation gives 
a h^ o; m_1 A da for a one-form a. Combining with the linear operator a i— ► Vda and 
imposing d*a = gives a system which is elliptic if n = 4 and overdetermined if n > 4. 

Restricting to four-manifolds, solutions to (jl.2p are unique in their cohomology class. 
To see this, let u>\ and a->2 = co\-\-db be cohomologous almost-Kahler forms with <J\ = io\. 

6 



Let f2 = ui\ + u>2- Then S7 A db = and Vdb = from which it follows that dXb = 0. 
Then db = and so o>i = a>2- 

Finally we mention that the Calabi-Yau equation (|1.2p can also be written as 



tr g </ = e F tay 9 , (2.8) 

where we are writing g' for the metric associated to u/ and where 

tr 9 9' = y 0# = J lJ J'ij, and tayg = g' %i gij = J' %3 Jij. 

We are using here the obvious notation for lowering and raising indices using the metric 
</, so that 4 = J t k g' kj and J*3 = J k J g' ki . 

3. Uniform estimate on the metric 

In this section we will prove an estimate on the metric in terms of (pi, similar to 
the one proved by Yau |Yaj (see also |Auj ) in the Kahler case. The computations here 
are somewhat more involved because of extra terms arising from the non-integrability 
of the almost complex structure. 

Theorem 3.1 There exist constants C and A depending only on ||Rm(g)|| c .2( g - ); sup M \F\ 
and the lower bound of AF such that 

tr g g' < cv^i-infM<M. 

Proof We will calculate A'(log(tr 9 (/) — Acfti), where A is a constant to be determined, 
and then apply the maximum principle. For this calculation we will work at a point 
using normal coordinates for g. 

First, the equation (jl.2p can be written 

log det g' = 2F + log det g. (3.1) 

Applying the Laplace operator A of the metric g, we obtain 

2AF = gVg'^didrfu - g^g^g"P l (d ig ' pq )(d,g' kl ) - g^g kl d % d m . (3.2) 

Now calculate 

A'(tr g9 ') = gf^mdj + g^g-AdigV - g >kl T' p M g^ d^ , 

where we use r'?, to denote the Christoffel symbols corresponding to V. We can rewrite 
this last term using the equation (valid at a point) 

iki v iv _ _ t pJklvj, j i 
which follows from the equation j/ ViJ; 9 = 0. Thus we have 

A'(tr 9 </) = j/VW« + 9' kl 9ijdkdig ij + J q v g' kl ^ k J l V^- (3.3) 



The first terms on the right hand side of (J3.2H and (|3.3f) are related as follows: 

9 ,kl 9 lJ d l d j g' kl = g' kl g^d k d ig ' l3 - J^g^d^J^ - 2J' p .g' kl g^d l d l J k r 
+ J , rj ^ kl g ii a k a l J i r - 2J r k g^d k d j J i r 
-2g' kl g^{d l J k r + d k J l r )J ] q d r g' ql 
-2g i i{d i J q r + d q J i r )d r J j ' i 
-2g lkl g i \d l J k r )J j s d i g' rs . (3.4) 

To see this, calculate 

g ,kl g ij did jg ' kl = -j^didiWJ'n) 

= -Jjg^gVdid^ - J^VM-V 

-2g' kl gV(d l J k r )(djJrl)- (3-5) 

We will now apply (|2.ip to the first term on the right hand side of the above equation 
to obtain 

-J//V^Vw = -J k r g' ki g l3 d l {d r J',^d l J' r3 ) 
= J ,lr gV(d i d l J > jr + d i d l J , jr ) 
= 2J k r g' kl g»d i d l J , jr 

= 2g' kl g^dMJ k r Jjr)-^' M 9 i3 (d l J k r )(d l J' jr ) 
- 2g' hl g»{d l J k r ){d i j' jr ) - 2j' jr g' kl g»d i d l J k r . 

Then in (|3.5|) we have 

</ fe VW,<4 = 2g' kl g tj m g ' kj - 2g' kl g^(d i J k r )(d l J' jr ) 

- 2g >kl g i i(d l J k r )(d i J' jr ) - 2J' jr g' kl g^d i d l J k r 

- J^'VM-V" " 2g' kl g i i(d i J k r )(d j J' rl ). (3.6) 

Similarly, 

9' kl 9 l3 d k dig' l0 = 2g i ig' kl d k d j g' il -2gVg' kl (d k J i r )(d j Jl r ) 

- 2^g' k \d j J i r ){d k J' lr ) - 2J[Jig> kl d k d j J i r 

- J^g^d^JJ - 2g' kl g i i{d k J i r ){d l J' rj ). (3.7) 

Combining (|3.6|) and (|3.7|) and again making use of (|2.1|) gives (|3.4|) . From 



and diL4 


} we obtain 






A'(logtr s </) 


= 1 / fA'(t r ^)- |VW|2 ) 
= Jp (2AF + 9 'VV ? (V P <4)(V g <^ 
+ 2g' kl g i 1(V i J k r + V k J i r )J j 9 (V r g' ql ) 



+ 2^(V,J/ + V,J/)(V r J/) 

+ jSgfiViVjJf - 2g i ig' kl g> qj J r *V i V l J k r 
-J r % j g ,kl g ij V k V l J i r -2R 






+ 2 S '%^i4 fc - ^^- , (3.8) 



where, by definition, 



|V'tr^f ^(^tr^X^tr^'), 
and where we are making use of the equations 

g ij g kl d i d j g kl + 2J r k g i 3d k d j J i r = -2R 

and 

2J> r g> kl gVdAJ k r + g' kl g'vd k d ig v = -20<V%J r «ViV,.7 fc r + 2g' kl g[^ R\ pk , 

which both hold only at a point. 

Notice now that (|3.8|) is an equation of tensors. Since we are going to apply the 
maximum principle we need to obtain a good lower bound for the right hand side of 
(13. 8h , We have to deal with the bad terms that involve derivatives of g' and are not 
nonnegative: namely, the third, fifth and last terms. First, we need a lemma. 

Lemma 3.1 Define tensors ctij p and (3ij p by 

a ijp = JUViJ/ - VjJi l ) + {V p J l k ){g' kj Ji l - g'kiJj 1 ) 



'pl\ViUj - v jo i )^yy p u l j\y kj , 

+g'k P ((yiJ j k )j i l -(ViJ i k )j j l ), 

Pup = 9ki((^jJi% k - (ViJp'M^-^iCCVpJ, Vi' - ^iJi k )J P l ) 

-(^i J j ){g'k P J i -g'ki J P )- 

Then 

( V ^' ij * r9 sp ~ ^i ji V r9sp = a ijp 

(n) 2Ql°V r g' sp - 2Q™V r g' si = (3 %3P . 



Notice that in the Kahler case the tensors a and (3 vanish identically and the lemma 
states that V\?V r g' sp is symmetric in i and j while Q[|V r ^ p is symmetric in i and p. 
It is important here that a and (3 do not contain derivatives of g' . 

Proof We prove (i). The proof of (ii) is similar. From 

V i J' jk + V j f ki + V k Ji j = 0, 

we have 

JfViSfqk + Jk^j9 qt + Ji q y k g' q] + fl^kViJ/ + g qi VjJ k q + g'^kJ^ = 0. 

Multiplying by J p we obtain 

Vi^ = JplJSVjsk + J/Ji'Vktig + tikJJViJj* 

+ 9 g iJ p j V j J k q + g' gj J p >V k J l i 
= -2V; s k V r g' sl + V p g' ki + V k g' pi - g'^V^J 
+ g' qk J p ] ViJ ] q + g' qi J p j V 3 J k \ 

where we have made use of the identity r p \g'j„ = 0. Then (i) follows easily. Q.E.D. 

We return to equation (|3.8|) . The third term on the right hand side (ignoring the 
factor of l/tr g g') can be written 



2g fkl g i i(V i J k r + V k J i r )J j q V r g q i 



2g ,kl gVg rs (ViJ k r + V fe J ir )g' ql V s J j q . (3.9) 



rkl ij 
2g' kl g^g rs (V l J kr + V k J ir )V s J' jt 

'ql^sJj 



Making use of the identity QfffikJab = we rewrite the first term on the right hand 
side of (13, 9h as 

2g' kl g^g rs {V i J kr + V k J„)V s j' jl 

= 4/W s (V fc J tr )(V s J' 3l ) + 2g' kl gVg rs (V r J kl )(V s J' jl ) 
= Ag' kl g^g rs V^(V k J ab )(V s J' ll )+2g' kl g^g rs V^(V r J ab )(V s J f :Jl ) 
= (/) + (//), (3.10) 



where 
and 



(/) = 4g ,kl g ij g r8 (V k J ir )Pf s (V b J' a 



at) 



(II) = 2g' ki g^r(V r J ik )V^(V s J' ab ) 
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To deal with (I), first note that 



js v b u al ' sj v a*"bl 

-Vf j {V a g' hq )J l q -VSd^VaJt 9 

-Vfs&agiM q - \a siq J x q - VS^VaJt " 

1 

2' 



'Psj ^bJ'al + 'Pjsd'bq^aJi Q ~ 7i a sjqJl ? ~ /%' 9bq^aJl ' 



That is, the term T^V&J^ is symmetric in j and s modulo terms that don't involve 
derivatives of g'. Then 

(I) = -ig' H g^g rs (V k J ri )V^V b J' a 



sj y b<J a l 

1 
jsHbq"a"l 2 U sjq" I ' sjVbq 



V"»V*(V fc Jir)(«*flLV.J^- -as J(? V -VS^aJf) 



and hence, interchanging the indices i and j with r and s in the first term, we have 



(/) = 2g' kl g»g rs (V k J ir )(rf s g' bq V a J l q - -a sjq J t q - V^g'^V^ *). (3.11) 



For (II), calculate 



PifV,^ = i(V,j; / -.//'.7 / ''V,.7,: / , 



~ (v s 4 - v s j' jt + .&j, b v s j/ + fabJj'v.Ji ' 



= 2 J afe (/» V *V + J /V s Ji b J . (3.12) 

Then from equations (|3.9p . (|3.10p . (|3.1ip and (|3.12p we have the following expression 
for the third term of (13.81): 



2/VW,/ + V fc J/) J/V r r4 

1 

bq"u"l 2"" sjy "' ' S]Hbq 



2g' kl g«g rs (V k Jir)(Vf s g' bq V a J l q - ^jA* - /^%V„V) 

+ 0* W(Vr Jik^abiJl b ^ S Jj a + Jj^sJl b ) 

- 2g' kl gVg r *(V i J kr + V fc J ir ) 5 ^V s J, 9 . (3.13) 



11 



We deal now with the fifth term on the right hand side of (13. 8h . Calculate: 
= g' kl (V k J l r )9 tJ (2V l J' jr - J/V S (4J/)) 

= 5 /fc '(v fc j/)^(2v 4 j; r - i r s J t p v p j' sj - J/J/v^ - j/4-v s j/; 

= g' kl (V k J l r )9 lJ (2V l J' ir + J t a J r b V a J' lb - VjJi r + JVJ'vsVyl, 3 
- J s V -V T p ) 

= g ,kl (V k J l r )g lJ (2Q^V a J' jb + J^J'^.J/ - J/4-V.J/) 
= g' k \y k Ji r )g ij (2Qg(Va<L) J q + 2Qtg' bq v a J q - giW 



T s V V T p ) 



= g ,kl (V k Jn(^ir q J iq + 2g ij Q$g' bq V a J j q - g tJ g' ls VjJ r s 

-g^J r s J^V s J t p ), (3.14) 

where, for the last line, we have used the identity 

2Qt(V a g' bq )J tq = l& rq J iq , 

which follows immediately from Lemma 13.11 

Finally, we must deal with the last term on the right hand side of (|3.8|) . We do this 
by making use of the good second term. 

Lemma 3.2 There exists a constant C depending only on supj^ \F\ and ||Rm(g)||co(„) 
such that 

|V/ [ trg f )|2 < g' kl g' %1 g pq (V P g' tk )(V q g' 3l ) + C'{tT a g')(tr gl g). 

To prove this lemma we will work in a coordinate system [x , . . . , x 4 ) centred at a 
point p such that the first derivatives of the metric g vanish at p and 

7 3 _. t4_ 1 __t1__t2 

and all other entries of the matrix (Jj 3 ) are zero at p. Define local vector fields 



for a = 1, 2. Set 
and 



G aP = g{ Z a,Zp) 
G afi = g'( Z a, Z l3), 
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for a, (3 = 1, 2. Then we make a linear change in the coordinates (x , . . . , x 4 ) so that, 
in addition to the above conditions at p, we also impose that G a -a = 5 a p and that G' -, 
be diagonal. Notice that in these coordinates, the first derivatives of the gij vanish at 
p, but in general, the first derivatives of the G Q g will not. 
It will also be useful to consider the local vector fields 

w a = \ {-J^di - V^id A ) , 



2 

for a = 1, 2, where we are setting A = a + 2. Notice that, at p, W a = Z a . In the sequel, 
we will use the indices A, B, C, D, M, N to denote a + 2, (3 + 2, 7 + 2, 5 + 2, /j + 2, 1/ + 2. 
Set _ 



and 



G , ^ = 5 , (^,W /3 ). 



Observe that 

' - ~ 9 ^ yQ,!;i v ""''/ ' "a/5 ~~ 9 



G a~0 ~ 9 (fa/3 - V-lJafj) , G^-g - - (fl^g - \T~lJ' a p) 



and 

^ - 2 ^ Ai( ~ v _J -"AiJ / / 1 ^ - 2 



G a fl = o (sab - V^IJab) , G' 3 = - (g' AB - V^IJ'ab) 



At the point p, G = G and G" = G'\ this fact will be used later in the proof of Lemma 
13.21 Notice also that gij = 2<5y and that g[j is diagonal. A final word about notation: 
when we are using the local vector fields Z a and Z a as differential operators, we will 
instead write D a and D& respectively. We require some preliminary results before we 
prove Lemma [ 



Lemma 3.3 








IJ-yG -fi - 

' ap 


- D aG'^ + - (a ia p + 




and D-yG -3 - 

• ap 


= D a&tf + - (a-yAB + 



-1*W) (3.15) 

^IbyAs) , (3.16) 

where 

Ojij = (di J 7 — d 1 J i )J k j + (dj J 7 )J ik — {djJ,i )J lk 
and b 7ij = g'kidjJ^ - g'^djJi k + J , jl {J i k d k jJ - J k d k J % l ). 
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Proof We will just prove (J3.15H . since the proof of (|3.16p is similar. Calculate 



D 7 G 'a3 = J&1 ~ V^IJ^W^ - V^lJ' a p) 



4 



-1J 7 dig a/1 



-ldryJ a/3 ) 



~7\df9al3 ~ J-f dotJi/3 — Jj OpJ ai 



■Ujdig'c 



7 u iyaf3 



■ld a J' 



iP 



-IdpJL 



a-yJ 



(d-yg aj 3 + d a g a + (d a J^)J i/3 - J^dpJ^i - (dpJ a l )J r 






+ (<V 7 J ) J,' 



7 1 "at 



■IJJdiiJ'frJJ') - V^ldaJ'^ 



7/9 



■ldpJ ) 



71 



~7\di9ap + dag^/3 + (d a Jj )J^ — J a diJ^p — J a d 1 Jp i — {dpJ a )J r 
+ (d p Jj)J> ai - 



1 T i J PR- V 
Xt/ 7 J a u i J Pp 



1 J i J' f). T P 

1J 7 J Pp u t J a 



- V^idaJ^ - V^idpj'^), (3.17) 

where to go from the third to the fourth lines we have used the simple identity 

Jjdpj'ai + (8pJJ)J ai = (dpJ a l )J^i + JadpJ^. 

Notice that 



«»<v Jrv OiJfl„ J^ J a OflJip + J^ J a Upjp t 



In (|3.17p this gives us 

®i G nS = ~j\d-y9 a p + "<x9~ip + {daJJjJip — JJdiJ^a — J a d 1 Jp i 



aP 



(dpJa)Jtyi + (dpJ~/ l ) J ai + V^-J'i p J a P dpJj + V^lJ-pJJdpJj 



1 T i T PR- TL 



-1J-, J ppOiJ Q — V — 10 a J^p) 



-^{dag-fp + (d a Jj)J i/3 - J a l diJ lf3 + (d 1 J a l )J / 3i - (dj3J a l )J, 






+ (9pJ-y l )J'ai + ^-^g'iadpJj ~ V^lg' jn dpJj' - yf^XJ^diQ 1 ^ 
+ v —U a Jpp(diJj ) — \/—1Jj Jpp{OiJ a ) — \/—ld a Jryp) 

= DaG'^p + ^ {(d a JJ - <9 7 J a 4 ) J^ - (dpJJ)^ + (dpJj)J' ai 
+ V=l(g' ia dpJJ ~ 9'i-ydpjJ) + V^l4 P (J a l d t J* - J^JJ)) , 
as required. Q.E.D. 

We will also need the following result. 



14 



Lemma 3.4 At the point p we have 



2D 1 (G a(3 G'^) = 2G°^D 7 G^ = # 7 (<?%) + £ 7 and (3.18) 

2D 7 (G^G') = 2&*D y &-g = D^g' l3 ) - E 7 , (3.19) 



af3> T a/3 TV» i^ 



w/jere £ 7 = ^^ s (D 7 Jj r )Jj 



We are using here the usual notation for the inverse metrics G~ x and G -1 . Note 
also that repeated greek indices a, (3, . . . are used to denote a sum from 1 to 2, whereas 
repeated lower case roman letters i,j,... denote the usual sum from 1 to 4, unless 
otherwise indicated. 

Proof We will prove just (J3.18J) . Calculate 

ID^G^G'J = -~G^G^(-J 7 %J^-V^d 1 J^)G' a p + 2G^D 1 G> a p 
= 20* D^ 



1 
2' 



G af3 (dW*p ~ ^lJ, k d k g' af3 ). (3.20) 



But 



^W<4) = ^(d.-V^iJ^d^ 



1 
4 



4 5Z (^it - V^lJ^dtg'u^ 

8=1 

-, 2 

- ^ (^ - 5 ; s (5 7 j/) «v - v^ij 7 fc 3 fc ^ 



i=l 



+^lJ^g' rs {d k J l r )J l s ^ (3.21) 

where we have used the fact that, at p, 

9k9AB - dkg'a/3 = -9rs(dkJa)Jf3 S ~ 9rs(^kJ^)Jj- 

Comparing (^20|) and (I3T2TT) gives (l3TT8|) . Q.E.D. 

We need one more lemma before we can prove Lemma 13.21 
Lemma 3.5 Atp, 



g %J 'a^ij = and g lJ b^ij = 0. 
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Proof For the first equation, calculate at p: 



g i] a ll3 = gV{ViJj)J' kj -^(V 7 J>)J/ 



kj 

+ g i i(V j J 1 k )Jl k -g^(V 3 J l k )J! yk 

-^'(V 7 J>)J fc % 

^J i fc (V 7 J fc V.i 
-g ifc J/'(V 7 J fe s )^. 

o, 



by symmetry. For the second, calculate: 

g ij b 7ij = gVg'ki&iJ^-gVg'^iViJ^) 

+ ^J , ]l J l k {V k J 1 l )-gVJ> l J 1 k {V k J i l ) 

- gVJ^iV^ 1 ) - g* J' 3l J 7 k (V l J lk ) 
= 2g i *J' kl J i \V j J*) - 2J 7 fc J^(W fc '). 



Notice that the second term vanishes since 

But also the first term can be written 

g ii J , hl J i l (y j J y k ) = g^JVg'^iV^) = -J' vp J y k (V\J k p ) = 0, 
finishing the proof of the lemma. Q.E.D. 

Proof of Lemma 13.21 Using Lemma 13.41 we have 

= 2G^D 7 foVy)iWV M ) 

= G'^(2D 7 (G^G'J - E^DjiG^G'^) - E 5 ) 
+ G'^{2D 1 (G^G'^) + EyXUDgiCr&^ + Ee) 

= AG'^iG^D.G'J^D-fi 1 ^) 

+ AG'^iG^D^G'^iG^DjG'^) - 2G'^ 5 E 1 E S . 



16 



From Lemma 






+ AG'^iG^DaG'^iG^DjjG't) 

TP M" 



+ 



2Re [G'^G^{a iaP + ^\b^)G^ D V G' - & 
+ G'^G a ~\a lA B + v/^^G^ZV^} 

-Ibja^G 1 *" (asftv - V-lbs^) 
-lb J AB)G' J ' u (asMN — V—lbsMN) 



1 






2G'^E 1 E 5 . 



But 



CTDpG'^ = GTlh&g + -G^ (a^ + a uMD 
and so, making use of Lemma 13.51 

= AG'^(G^D a G'^)(G^D^) 

+ AG^(G^D a G'^)(G^D v G'^) 



-lb 5 



<iw 



-tbyMD) — E$, 



+ ^Re [G'^G^{a lA B + ^lb lAB )(G^{a Sflv + a uM D 



-lb S 



•IU> 



■IKmd) - 4E S )} 



+ -G'^G^{a iaP + V^lb jaf3 )G^(a 5 ^ - 

+ \G'^G^{a lAB + ^lb lAB )G^(a 5M N 
- 2G'^E 1 E 5 . 



J—^>5mn) 



(3.22) 
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We can now apply the Cauchy-Schwartz inequality twice to obtain: 
G ^ {G ^ DaG ^_ ){G ^ D _ G ^_ ) 

= Y, G'^iDaG'^iDjtG'^) 

■y,a,fj, 

* E f E G'^\D a G' l7 A (j2 G'^D^A 

a,n \ 7 / V 7 / 

e(e g,7 ~i^ g wi 2 ) 

y a \ 7 / 

= (E7^(E G,77G,a "i^ G Wi 2 ) ) 
^ (E^jE^^^Wi 2 

\ a / 7, a 

< 4(tr 9 </) ^ S r n <f aa sr\D li G , l7i \*. (3.23) 



7,a,ju 



Similarly, 



G'^iG^Da&^iG^DjjG'g) 
< 4(tr fl </) Y ^^l^l 2 . (3-24) 



7, a,// 



But 



4 £ ^v^i^wi 2 

7,a,/i 



4 

7,a,/i 



+(VViS / 7a + sJ- Q V„ J 7 J ' + J^V^J 2 } 

V^ f„'77„'<K*„/WV7 J \ 2 _L JllJ „MM fry j a\2 
^ 2-^ \ g 9 9 \yii9-ya) +9 "9aa9 (V jtfJ 7 ) 

7,a,/i 

+ «-/«(V„4) 2 + ^^5 MM (Vm^) 2 
+ </ 77 <?L^(V M J 7 a ) 2 + /^'"V^V^J 2 

- 2 5 ^^(v^; a )j;(v i J 7 Q ) - 2^V Q V%v 7 ?(v^ 7 j(v^.j 

+ 2^J 7 ^ mm (V m J;)(Vm4) + 2^V%*(V i57 J(V M J 7 Q ) 
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A short calculation shows that 

J2 ^V^V^JVCV.J/) +9 , ^9 /aa 9^j;J 1 j (V^ a )(V i9 ' ja ) = 0, 

7i<*>M 

and similarly that 

E ^V^V^XV^) +9" n 9 /aa g^j;J 1 j (y i gi ra )(V»g' ja ) = 0. 

Hence 

4 £ fnJaajw^G^ 



+2gr"j1g kk (yk J 7 a )(V fe5 'J + 5' 7 ^a a / fc (V fc J") 2 • (3.25) 



7,a=l fe=l 

'78 V v «"7 ;v v KUja) 1 y Haua v v «"7 

Similarly, we have 

4 ^ g r"</ aa cr\D ll & 



_|2 

'7« 

2 4 



\ E E^ M V fc (v fc ^) 2 +^v A v fc (v fc ^) 2 

7,a=l fc=l 

-2g' cc / fe (V fc Jc 4 )(V fc9 ; A ) + ^VW fc (V fc J/) 2 ) • (3.26) 



VfcJr7 = — Vi-J" 



Now observe that, at p, 

VfcJcT = —Vk'Jj 

and that 

v fe5 ; A + v^ Ca = j; 4 (v fc jj) + j^(v fe o. 

Using these two simple equalities we obtain at the point p, by combining (13.25h and 
(ET261) . 

4 £ gfrrjaagw^^ +4 J- ^gfaa^jj^^ 

= \</ u tf i <r q &M<y 9 4i) + \^^9' aa 9 kk ^kJ, a ) 2 

+ \T.9' CC 9' A A9 kk {y k Jc A ) 2 

- \Y.9 lCC 9 kk VkJc A ){J' a ^kJ6 + ^V fc J a 4 ). 



2 

Using this, together with (|3.22p . (|3.23|) and (|3.24p . we obtain the estimate of Lemma 
Q.E.D. 
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Returning to the proof of the theorem, we can now combine equations (13. 8p with 
(|3.13p and (|3.14[) together with Lemma [3721 to obtain 

A'(logtr s c/) 

> ^7{2AF + 2g> kl gVg rs (V k Ji r )(Vf s g' bq V a J, q - \a sjq J x q 

- Vf 3 g' hq V a J x 9 ) + g' kl g^g rs (V r J ik )J' ab ( J, b V s J/ + J/ V.J, 6 ) 

- 2</ fc VV S (V*J fcr . + V k J ir )g' ql V s J j q 
+ 2^(V i J/ + V g J/)(V r J/) 

+ 5 ' fc/ (V fc J/)(i/? jr(? J^ + 2^ Q« r %V a J/ 

+ jfFV&jJf - 2g^g' kl g' qj J r "V l V l J k r 

- Jr q 9' qj 9' kl 9 i ^k^lJi r -2R + 2g' kl g' tJ g^R) pk 
-C'(tr g g')(tv g/ g)}. 

From the Calabi-Yau equation and the arithmetic-geometric means inequality we have 

tr ff </>4exp(— |— J >0. 

Hence, recalling from section 2 that ||J||c2 can be bounded in terms of ||Rm(<7) \\ C 2, we 
have: 

A'(logtr fl </) > --t V <7 - A, (3.27) 

for a constant A depending only on ||Rm(g)|| C 2, sup|-F| and the lower bound of AF. 
We now apply the maximum principle to the quantity (logtr 9 </ — A(f>i). Suppose that 
the maximum is achieved at a point xo on M. Then at xq we have 

A'(logtr ff </-,Vi)<0. 

Recall that A'^i = 4 — tr g >g. At xq we see that from (J3.27P 

> A'Oogtr^'-^i) 
A 
2 
so that (tr 9 /^)(xo) < 10. On the other hand, from ()2.8|) . we have that 

(tr ff </)(zo) < 10e F ^), 
and thus at any point x we have 

log((tr^0(x)) - Afa{x) < logl0e F ^ - A<fn(x ). 
The theorem follows after exponentiating. Q.E.D. 
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^ — iT g'9 ~ 5A, 



4. Holder estimate on the metric 

In this section we will prove a Holder estimate on g' given a uniform estimate of g' , 
using a modification of the method of Evans [Ev] and Krylov [Kr] (see also the estimate 
of Trudinger |Tr2j and the exposition of Siu [SiJ ) . 

Theorem 4.1 Suppose that g' satisfies the equation Al.fy) and there exists a constant 
Co with 

C^g <g'< C g. 

Then there exist positive constants C and a depending only on g, Cq and \\F\\ C 2i„\ such 
that 

W^gd'Wc-ig) < C. 

Proof We will work locally and fix a coordinate system (x , ■ ■ ■ , x 4 ) with the same 
properties as the one in the proof of Lemma 13.21 with the point p corresponding to 
x = 0. We will show that, with the notation of section 3, 

iG^G'^iy) - G^G' a - p {x)\ < C'R a , (4.1) 

for all x, y £ -Br(O) and < R < Rq/2 for some positive constants a, Ro and C, where 
Br(0) is the ball of radius R centred at 0. This will prove the theorem, since a short 
calculation shows 

To prove (|4.ip . first note that, by a straightforward calculation, 

(det G') 2 = -3- det </ + ??, 
lb 

where n = w(x) is a function of the form 

4 
V = /__, habcd,G a G b G c G d , 
a,b,c,d=l 

where G\ = G' G' = G' G' = G' + G'- and G' = y/-l{G' - G'), and where 

1 11 z 22 ° 12 21 ^ x 12 21' 

the h a bcd are smooth functions depending only on J which vanish at 0. Note that here, 
and in the sequel, we are shrinking Rq whenever necessary. Writing 

K = ^-e 2F detg, 
lb 

and using the equation (|3.ip . we see that 

21ogdetG" = log(i<: + 7 ? ). (4.2) 
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Define a function <J> on the space of positive definite Hermitian matrices by $>(A a -a) = 
21ogdet(^4 -g). Since <J> is concave, the tangent plane to the graph of $ at a point 
G' -j(y) lies above the graph of <3? and so 

2G'^{y){G' a - p {y) - G'^(x)) < HG'^y)) - *(G^(x)), 

for x,y in B 2 r(0). From P~2j) . 

2G^(y)(G' -Ay) - G> -Ax)) < log f 1 + * (y) - K{x) + n(y) - n(x) 
vyn ^ vy/ <^ v " _ B V K(x) + n(x) 

< log(l + C t R) 

< CiR. (4.3) 

We now need the following elementary linear algebra lemma. 

Lemma 4.1 Let S(X, A) 6e £/ie set of 2 x 2 positive definite Hermitian matrices with 
eigenvalues between A anrf A, with < A < A. Then there exist a finite number of bases 
of unit vectors {(V,) , V„ )}„=i and constants < A* < A* depending only on A and A 
such that any A in S(X, A) can be written 

N 



^ = £/w (1) ^ 1} +k (2) ^ 2) ; 



with X* < A, < A*. 

Proof This lemma can be proved by a straightforward modification of the argument 
in |MoWaj . Q.E.D. 

Using this lemma we see that 

N 

G**(v) = J>(i/)(K (1) ® V? } + VP 8 7?), 

v=\ 

(i) 

for A < (5 y < A* where the V-i) and A* and A* depend only on the constant Cq. Define 



Wv = ((vpnvPy + (v^nv^r)G^, 

where (Vp . ) a is the a-component of the vector V„ . We can then rewrite (|4.3[) as 

TV 

Y,P»(y)(My)-Mx))<CiR, for x,y eB 2R (o). (4.4) 



v=\ 
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We will now use the concavity of <£ again, this time to derive a differential inequality for 

w v . For e 
to obtain: 



w v . For each u, apply the operator J^Li D®D® = T*=l( v ®V'( v ®) SD 'i D S to <52 



J2 [2G"#D®D®G' C - 2G'^G'^(D^G' (Tl )(D^G' a0 ) 

_ A ( dPdVjk + v) _ \dH\k + t,)\* \ 

"tiV ^ + ?? (i ^ + r?)2 /' 

Apply Lemma 13.31 twice to the first term on the left hand side and the first term on 
the right hand side of (|4.5|) . Making use of the good second term on the left hand 
side of (|4.5j) we see that there is a second order elliptic operator L u = a l3 didj with 
C^\C\ 2 < aV&Zj < C 2 \£\ 2 such that 

L u w u > -C 3 . (4.6) 

From the inequalities (|4.4j) and (|4.6p we make the following claim. 

Claim: There exist positive constants C and 5 such that 

osc BiJ ( )UV < CR S , for < i? < .Ro/2. 
Of course, given this claim, we are finished, since we can then write 

N 

with (3 V smooth bounded functions depending only on g and J and satisfying C^ < 
V < C 4 . This gives flU} and Theorem O follows. Q.E.D. 

Proof of Claim Although this proof can easily be extracted from |Tr2j (see also [Si]). 
we will include a sketch of the argument here for the convenience of the reader. The 
key tool is the following Harnack inequality [Trlj : if u > satisfies Lu = a tJ didjU < C3 
with C^ l \i\ 2 < a ij £i£j < C 2 \i\ 2 on B 2R (0) then there exists p > such that 

I —a I u p \ <C H { inf u + R), 

where the constant Ch depends only on C 2 and C3. 

Set M su = sup BaR / Q \ w u and m su = inf Bsfl ( ) w v for s = 1, 2 and apply the Harnack 
inequality to (M21/ — %) to obtain, for fixed I, 

x / p < x 1/p 

[m 2v -w u y) 



{*!»<%*-»)' ****{hL 



(0) 



< C 5 (£(M 2l/ - Mi,,) + fl) 

< C b {uo{2R)-Lo(R) + R), 
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where w(sR) = X)„ =1 osc B sR (o)Wu = Y.u=i( M su - m su ). From (J4.4I) we have 
Pl(wi(y) -wi(x)) < CiR + s ^f5 u {w u (x) -w u (y)), 

for x, y £ B 2 r(0). Choosing x — ► rri2i and integrating over y S -Br(O) gives 

1/p 



(4/ fai-m a y) <C 6 R + cJ-L[ (£(M 



:> - Wj/) P 



< C 7 {u(2R) - u(R) + R). (4.7) 

Now apply the Harnack inequality to (M 2 i — w{) to obtain 

[ i / (M 2i - ^) P ) < C 8 (M 2l - M u + 12) 
\R Jb r (o) J 

< C 8 (lo(2R) - u(R) + R). (4.8) 

Combining (J4.7J) and (|4.8p we see that 

M 2/ - m 2 « < C 9 (u(2R) -w(R)+R), 
and summing in I gives 

w(2i?) < C w (lo(2R) - u(R) + 12), 
from which it follows that 

v(R)< (^ = ^]u(2R)+R, 

and the claim follows by a well-known argument (see [GiTrj . Chapter 8). Q.E.D. 

5. Higher order estimates 

In this section we will prove estimates on g' and all of its derivatives given a Holder 
estimate 

\\%T g g'\\ ca{g) < C, (5.1) 

with < a < 1 and an estimate g' > C~ 1 g. In light of Theorem 13.11 and Theorem 14.11 
this will complete the proof of Theorem 1. 

Consider the normalized almost-Kahler potential <J)q defined by (see section 2) 



A0 O = tr g g' - 4, / 

Ja 



U! 2 



M 
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h Y = o. 



From (|5.ip . by the elliptic Schauder estimates for the Laplacian we have 

\\4>o\\c 2 + a (g) < Co- (5.2) 

Recall that the 1-form ao satisfies 

uj' = uj — —d{Jd<f>o) + da®. 

Without loss of generality, we can assume that a,Q is I? orthogonal to the harmonic 
1-forms. Then since ao satisfies the uniformly elliptic system (|2.7p for s = and is 
orthogonal to its kernel we can use (|5.2p and the Schauder elliptic estimates to obtain 



ll a o||c* 2 + Q (g) < Ci. 

It follows that ||</||c<*( 9 ) — C*2. Differentiating the Calabi-Yau equation (|3,ip . we see 
that 

g' 1 ^ didj(dk<po) + {lower order terms} = g l ' J ' dkQij + 29feF, (5.3) 

where the lower order terms may contain up to two derivatives of <pQ or uq. Since 
the coefficients of this elliptic equation are in C a we can apply the standard Schauder 
estimates again to obtain 

ll^ollc 3 + a ( 5 ) < C 3 . 
From (|2.7p we then obtain 

ll a o||c 3+a (s) ^ C4. 

The rest of the higher order estimates follow from (|5.3p . (|2.7p and a bootstrapping 
argument. This completes the proof of Theorem 1. Q.E.D. 

6. Proof of Theorem 2: the case b+(M) = 1 

For this section we assume b + {M) = 1. Consider the equation 

u? = e tF+c ^ 2 , (6.1) 

where q is the constant given by q = \og{ J M uj 2 / j M e tF uj 2 ) , and where u>' t is required 
to be cohomologous to u> and compatible with J. Let 

T = {t' G [0, 1] I 3 smooth wf solving (JSU) for t G [0,t']}. 

Clearly G T. We will show that T is both open and closed in [0, 1] . This will prove 
Theorem 2. Note that if u)' t is in C a then by the estimates of section 5 it is smooth. 

We show now that T is open. Fix to i n T. We will show that (|6.ip can be solved 
for t in an open neighbourhood containing to- Fix Q = uj' t ■ Then solving (|6.ip near to 
is equivalent to solving 

log -g2-(t- *o)F ~ (ct " cto) = 0, 
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for t close to to- 

Let A fc,s+a be the space of k- forms in C s+a , and let W a C A^ be the space of 

self-dual two forms 7 in C a satisfying J M exp ( T^" J uj 2 = J M uj 2 . Then define a map 



by 



where 



$ : A 1,1+a xK^r 



(co + db) 2 , N _ \uj 



$(&, t) - ( log v _ 2 y - (t - t )F - c j - + Vdb, 



uj 2 . 



c(b,t) = log ( f e-(*-'°) F (cD + db)A - log I 
\Jm J JM 

Note that if we can find b = b(t) solving &(b, t) = for t close to to, then this would 
imply c = ct — q and complete the openness argument. 

Since b + (M) = 1, the space TC-, of harmonic self-dual 2-forms with respect to uj is 
spanned by u. Notice that the tangent space to W a at <1>(0, to) is equal to (H^) 1 - n A 2,Q , 
where (Hj) C A^ is the space of self-dual 2-forms which are L 2 (uj) orthogonal to Tt^. 
Then the derivative of $ in the b- variable at (0, to) is a map 

p 1 f) (0 , to) :A 1 ^-,(Ht)inA 2 . a 

given by 

(D 1 $) m) (P) = d±f3. 

It is well known (sec [DoKrJ, for example) that this map is surjective and hence openness 
follows by the implicit function theorem. 

We now need to prove closedness under the assumption that the Nijenhuis tensor 
is small in the L 1 sense. Note that from the discussion in section 2, since |ViV(J)| is 
uniformly bounded in terms of the curvature of g, if the Nijenhuis tensor is small in the 
L 1 norm, it is small in the C° norm, and hence also in the LP norm for any p > 1. It 
will be convenient (and sufficient) for us to prove Theorem 2 under the assumption that 
N(J) is small in some LP norm, where p will be a fixed constant strictly larger than 2. 

We will use the following lemma. 

Lemma 6.1 Let u/ = uj — -^d{Jd4>\) + da\ be a solution of the Calabi-Yau equation 
lll.ty) . Suppose that for some constants p > 2 and B, 



da\ A uj 



UJ 2 



V \ i/p 
uj 2 ) < B. (6.2) 



'M 
Then there exists a constant C depending only on g, p, B and sup^ \F\ such that 

sup 4>\ — inf 0i < C' . 
M M 
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Proof This is a modification of Yau's well-known Moser iteration argument. For ease 
of notation, write <f> = <ft\. Assume that J M (ft J 2 = 0. For I > 0, 



Co [ \<f>\ l+ W> f (ft\(ft\ l {u 2 -J 2 ) 

JM JM 



1 [ <j)\(ft\ l d(Jdcp)A{u + uj')- [ 0|0| l doiAw 

2 J M JM 

' - / \<f>\ l d<f>A Jdcft A (u + u') - I (p^dmAu 



2 JM JM 

(! + l) 



2(1/2 + 1 



\2 



M 



l / 2 )AJd(<t>\<t>\ l/2 )A(w + u') 



l da\ Auj 



M 



>- w^y L Mm " 2)iw 



\ 1/9 
M J \JM 



da\ A uj 



UO 2 



p \ 1/p 

u; 2 



for q satisfying 1/p + 1/q = 1. Setting I = we see that since q < 2, 



+ i 



where we have omitted the volume form uj 2 . Since f M (ft = we obtain ||0||^2 < C3 
from the Poincare inequality. 
We have for general I, 



\V(M l/2 )\ 2 < Ct(l + 2) max j 1, f^ |0|<+ 2 , ^ \4>f l+1 ^j ' 1 . (6.3) 



1/9' 

|V(</#| Z/2 )| 2 <C 4 (Z + 2)max<;i, / |0|<+ 2 , ( / |^|«C*+i) ] 
'M 

The Sobolev inequality gives 



1/2 
«| 4 ) <C 5 { I |Vd 2 + / u 2 



5 

M / \JM JM 



for functions u on M. Set r = 1 + 2 > 2. Applying the Sobolev inequality to u = (ft\(ft\ ' 2 , 
making use of (|6.3|) and raising to the power 1/r gives 

IMIl* < CiV/'nua^ll^xr.^ll^}. 

Setting r = 2 we obtain ||0||i4 < C7. For general r we use that fact that ||(/>||l<* < 
CsII^IIls whenever a < b to see that 

L 2r<C 1 9 /r r 1 / r m a x{l,\\cft\\ Lq r}. 
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By successively replacing r by or for o = 2/q > 1 we see that for all k = 0, 1, 2, . . ., 



L 2r 



< S n =° ^ ] r^ ^=o CT " V^ Iti *"') max {l, ||0|| L , r }. 



Set r = 2 and let A; — » oo. This gives a bound ||<^||c° < Ciomax{l, ||</>||z,2 9 }, which is 
uniformly bounded since q < 2. This completes the proof of the lemma. Q.E.D. 

Remark 6.1 In a private discussion, Donaldson made the following surprising obser- 
vation: the almost-Kahler potential 4*1/2 ls uniformly bounded, without any assumption 
on N{J). This can be proved using a Moser iteration argument and equation f|2.5[) . 

It is now not difficult to complete the proof of Theorem 2. We suppose that we have 
a solution of (|6.1|) for t £ [0, to) for some to £ [0, 1)- We require uniform estimates on 
uj' t and all its derivatives and by Theorem 1, it is sufficient to obtain a uniform estimate 
of <f>\. We have the following claim. 



Claim: Let p > 2. There exists e > depending only on p, g and H-f^Hc 2 (p) 
if ||JV(J)||x,p < e then for t G [0,£o)> a i = ai(t) satisfies 



such that 



M 



da\ A <jj 



W 



p \ Vp 



< 1. 



(6.4) 



Proof of Claim At t = we have da\ = 0. Suppose that the claim is false. Then 
there is a first time t' £ [0, to) with 



Al 



da\ A w 



uJ- 



P \ l /P 
iV 2 ) =1. 



Then it follows from Lemma 16. II that we have a Holder estimate on u/ at t = t'. Now 
the LP a priori estimates for the elliptic system (I2.7P with s = 1 give 



M 



da\ A uj 



uJ- 



p \ 1/p 
a; 2 <K\\N(J)\\ LP , 



for some uniform constant K. Picking e = 1/2K gives a contradiction and proves the 
claim. Q.E.D. 

Then the first part of Theorem 2 follows from this claim and the previous lemma. 
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7. Proof of Theorem 2: the case b+(M) > 1 

Suppose that b + (M) = r + 1. We begin with the openness argument. For con- 
venience, assume that ui has been scaled so that J m uj 2 = 1. We wish to solve the 
equation 

J 2 = e tF+< *u 2 , (7.1) 

with ct = — \og(f M e tF u> 2 ), for uj' t satisfying J M uj' t A u> > and [uj' t ] G H+ . As in section 
6, we suppose that there is a solution u> = U)[ at t = to and show that (|7.ip can be 
solved for t close to to- 

Let xi, . . . , Xr and Xi> ■ ■ ■ > Xr be self-dual harmonic 2-forms with respect to uj and 
u respectively such that {uj, xi, ■ ■ ■ , Xr} and {uj, xi, • • • , Xr} are L 2 orthonormal bases 
for TC^ and TiX- Let A 1,1+Q: and W a be as in section 6. Consider the operator <J> : 
A i,i+a x rxl^iy a given by 

*(b, s, t) = (log & + E^ff* + d6)2 - (t - to) J - c) | + V(£ s iX i + eft), 

where 

c(6,a,t) = log N e -(*-*o)*'(w + £>Xi + *) 2 ] • 

We have a solution <I>(0,0, to) = and if we can find b and s depending on t solving 
$(b,s,t) = for t near to, then after rescaling we would have our desired solution. 
Write IL-j^,,..^) for the L 2 {6j) projection onto the space spanned by xi, . . . , Xr- Define 
*i :A 1,1+< * xW xM^VF a n((xi,...,Xr)) ± by 

*i(6,a,t) = (l-% li ... )Xr> )*(6,8,t). 

The derivative (Di*i)( 0) o,to) : A 1 ' 14 - -> (TtJ) 1 - n A 2 '" is given by 

(D 1 ^ l ) (0&to) (f3) = dff3. 

This map is surjective and so by the implicit function theorem, given (s, t) near (0, to) € 
ffxl there exists b = b(s, t) solving \&i = 0. Now define a map ^2 : I^ r x K — > M r in 
a neighbourhood of (0, to) by 

* 2 (s,t)=n (Xl> ... iip) *(6(s,t),a,t), 

where we are identifying M r and the space spanned by the Xi- Calculate 



m*2) m) k = j M (5(1 + **) (* + <* (!£&*>))) ,*) y 



Xj AXi, 
M 



which is invertible. Applying the implicit function theorem again we find s = s(t) 
solving ^2 (s(t),t) = and hence 

Hb(s(t),t),s(t),t)=0, 
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for t close to to- This completes the proof of openness. 

We now turn to the question of closedness. As discussed in section 6, we may assume 
that that N(J) is small in the LP sense for any fixed p. Assume that we have a solution 
of (|7.ip with f M u' t A uj > and [oj' t ] G H£ on some maximal interval [0, to)- Write 
uj' = uj' t and define Sj by [uj'] = [uj] + Yll=o s AXi] f° r Xo = ^ an d Xi> • • • ; Xr as above. 
Notice that by squaring both sides of this equation we see that the Sj are bounded. 
Define 4>o an d 4>i by 

U'^= f^-^, (7.3) 

where we recall that J m oj 2 = f M ^' 2 = 1- Let us first assume that <fti is uniformly 
bounded. Then since f M uj' Aui = 1 + so > is uniformly bounded from above, Theorem 
13.11 still holds with essentially the same proof. Notice that the bound on tr g g' implies 
a uniform positive lower bound for J M <J A uj. No changes are necessary for section 4. 
For the higher order estimates, we argue as follows. Define ao by d*a^ = and 



uj' = UJ 



r 1 

+ E SiXi ~ ^ d ( Jd M + da 



i=0 
Then ao satisfies the equations 

r 
dao Aw = - y, s iXi A w 
j=l 

Pcia = -J2 SiPXi + \(diJ 3 k ~ djJi fc )(9 fc o ) dx i A die*', 

and the arguments of section 5 follow in just the same way as before. 

We will now show that <f>\ can be bounded if N(J) is small in the LP norm for p > 2. 

Define a\ by 

r 1 

uj' = uj + ^2 SiXi - -d(Jd(j)i ) + da\, 

i=0 

and d\a\ = where we are using the subscript 1 to denote the metric uj' . For ease of 
notation, set 

( = \{diJj k - djJi fc )(d fc </>i) dx i A dx j . 



The 1-form a\ satisfies 

da\ f\uj' = —squj' — y^ SiXi A uj' 



Pdai = C-ViY SiXi) 
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where, here and from now on, we are always summing i from to r. This equation can 
be rewritten as 

' ;( 1 + *i)J>iXi. 



d{ai = ( — sqlo 



Write II for the L 2 (co') projection onto the space TC^, of self-dual harmonic forms with 
respect to u'. Then we see that 



1 



(i-n)c = d+a 1 + (i-n)-(i + * 1 






'2 V ' w ^ 

nc = s uj' + n ^2 SiXi = n ^ s^.. 



SiXi 



(7.4) 
(7.5) 



for so = so(2 + so) and s"j = Sj(l + so) for i > 1. Now Lemma IBTTI holds as before if we 
replace (I6.2p by the inequality 



M 



da\ A w 



or 



U) 



+ 



M 



E s iXi A U> 



l^ Z 



w 



where we are making use of the fact that {da\ + Y2 s iXi 
can now replace the inequality (|6.4|) in the Claim by 



Aw' 



<B, 



squ is bounded. We 



M 



da\ A to 



lJ~ 



+ 



M 



^2 SiXi A to 



W 



u)~ 



< 1. 



(7.6) 



Indeed, arguing for a contradiction as in the proof of the claim, we suppose that we have 
equality in (J7.6H . Then u/ and u> are uniformly equivalent and we can essentially ignore 
the fact that they define different norms. Writing C for a uniform constant which may 
change from inequality to inequality we have ||C||lp < C||-^(^)IU P from which it follows 
that ||nC|| L 2 < C\\N(J)\\ LP . Then we see from {73J that |S;| < C\\N(J)\\ LP . Hence 
|*»1 < C||JV(J)||lp and _ 

(7.7) 



5>Xi r <C\\N(J)\\ LP . 



But we also have ||n^||iu < C||iV(J)[|iP and hence 
from (|7.4p and the elliptic L p estimates we have 



:i-n)C||LP<C||iV(J)|| LP . Then 



\\d ai \\ L v < C\\N(J)\\lp. (7.8) 

Choosing e sufficiently small, we obtain the contradiction from (17. 7j) and (17. 8h . Q.E.D. 
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